Abstract. Elementary proofs of the abstract prime number theorem of the form A(w) = qm + 0(qmm~i) for algebraic function fields are given. The proofs use a refinement of a tauberian theorem of Bombieri.
Introduction
The main purpose of this paper is to give elementary proofs of the abstract prime number theorem for algebraic function fields (henceforth, the P.N.T.) which was established in the author's paper [8] . In the analytic argument in [8] , the fact that the generating function Z*(y) has no zeros on the circle \y\ -q~] plays an important role. In this paper, we shall show that the nonvanishing of the generating function has an elementary interpretation which can be expressed as another analogue (see (2. 3)) of Selberg's formula in classical prime number theory. In a recent paper [2] , Bombieri also proposed this formula. By introducing the new analogue and proving an elegant tauberian theorem (see Theorem 3.1), he made a correction to the last part of the argument in his earlier paper [1] . In this paper, we shall refine this tauberian theorem in a quantitative form. The result, Theorem 3.2, is sharp in some sense. Combining our elementary proof of the new analogue of Selberg's formula and the new tauberian theorem will give an elementary proof of the P.N.T. with a remainder term (see Theorems 4.1 and 4.2). Since the last part of the argument given in [1] is inadequate to prove the P.N.T., it is an interesting question whether the P.N.T. (or the conclusion in [1] ) can be established with the aid of the new analogue mentioned above. We shall show briefly that this is indeed the case.
The author thanks Professor E. Bombieri for the preprint of his article [2] .
1. An elementary proof of the first analogue of Selberg's formula
We begin by recalling the concept of an additive arithmetic semigroup, which was developed by Knopfmacher [6] . An additive arithmetic semigroup is, by which is the counterpart of the number Nm for an algebraic curve C in [1] .
Then, r|n
The arithmetic function G(«) is an elementary combinatorial function of P(n). This can be expressed explicitly by oo oo
Therefore, for brevity, we often use formal power series and formal infinite products to establish identities and simple estimates which can also be obtained directly. Thus, from (1.1), we can deduce
Moreover, we shall appeal only to the convergence of real power series but not use analytic behavior. This is the sense in which our argument is elementary. For brevity, we shall also use additive convolution of arithmetic functions. Let f(n) and g(n) be two arithmetic functions defined for all nonnegative integers. The function h(n) defined by setting
is called the additive convolution of / and g and denoted by f* g . It is easy to see that additive convolution is associative and commutative. We also define a differentiation operator L on arithmetic functions / by setting (Lf)(n) = nf(n) ,« = 0,1,2,.... Thus, ( 1.2) can be rewritten as
The following estimate quoted from [8] was established by using (1.3). Remark. This analogue of Selberg's formula in classical prime number theory was first proved by Bombieri [1] for an algebraic curve C. Knopfmacher [6] established this formula for an additive arithmetic semigroup with stronger hypotheses by an elementary argument. Here we shall give a simpler elementary proof. In the following proof, we follow the general idea of Diamond [4] for proving Selberg's formula and make use of the additive convolution techniques.
Proof. The starting-point of our proof is the following convolution identity (LA + A*A)*G = L2G, which can be deduced easily from (1.3). Therefore, We now rewrite (1.6) as LA + A* A = 2T* T + c2T + c3S + R * G~l , where ô is the additive convolution identity defined by S{n) = \o, if«>0. In this section, we shall give an elementary proof of (2.3) below which we call the second analogue of Selberg's formula. We shall also show that (2.3) is in fact an "elementary version" of nonvanishing of the generating function Z*(y) (see [8] ). Then, plainly, 0 < Gi(«) < G{n) and 0 < G2(«) < G(n). Therefore, H7=oGi(n)q~2n converges. From (2.6), (2.11), and (2.12), we have
It follows that Y,ZoG2(n)q-n converges and EZoG2(n)q-" = Bx > 0. We
Therefore,
This implies that (2.14) lim sup G,(«)<T" >52>0. i=l However, what he really needed is (3.2), which is a consequence of (3.3). We can refine this theorem in the following quantitative form. <1 -J_^2-/-1m+ y -
Hence,
Secondly, we have, by (3.7) and (3.8) with 1 < k < I,
say. Therefore, if / = 1 , we have £'™(21 ksl < m2-'/4. If / > 2, we have Remark 1. The asymptotic result A(«) ~ qn (or in his notation, Nm ~ qm, the purely asymptotic conclusion of a well-known theorem of A. Weil) was first stated by Bombieri [ 1 ] for an algebraic curve C. An analytic proof was given by the author in [8] . In a recent paper [2] , Bombieri proved Nm ~ qm for C by means of the elegant tauberian theorem quoted in Theorem 3.1 and formulas (1.5) and (2.3). He proved (1.5) and (2.3) by using some special properties of the curve C. Knopfmacher's elementary proof [6] holds for some 8 with v < 9 < 1.
Another elementary proof of the abstract prime number theorem
To conclude our discussion, we shall show briefly that the original idea in [1] leads to another proof of Theorem 3.1. However, this proof seems now clumsy by comparison with Bombieri's elegant proof [2] . In particular, this gives another elementary proof of the P.N.T.
As in [1] , we set am = 1 + rm . From (3.1), (3. To this end, first, we can prove the following lemma which is a strengthened form of the lemma in Bombieri's paper [2] . The proof follows his general idea.
Lemma 5.1. We have (5.5) limsup|rm -rm+x\ < 1, limsup|rm + rm+x\ < 1 m-»oo m-»oo (however, only the first inequality is needed in what follows).
Remark. Lemma 5.1 shows that {rm} has a kind of slow oscillation which is essential for deducing Theorem 3.1 from the following lemma of Wirsing (see [3, 7] ). 
